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The Senior Level problem sheets are ideal for students who love solving difficult mathemat-
ical problems and particularly for those preparing for the British Mathematical Olympiad
competitions. The problems get harder throughout the year and build upon ideas in earlier
sheets, so please try to give every problem a go. A. Rzym & A. Zhou c©UKMT 2010.

1. Each of n people (p1, . . . , pn) know a distinct fact about Polina Semionova. A person,
pi, may request another to person, pj, to divulge all the information they have (pj learns
nothing as a result of this request). What is the minimum number of requests (as a
function of n) that need to be made in order that all n people know all all n facts?

2. Evaluate the product

66 . . . 6︸ ︷︷ ︸
2010

× 33 . . . 3︸ ︷︷ ︸
2011

.

3. What are the rightmost 25 digits in the decimal expansion of 100! = 1× 2× · · · × 100?

4. If a is a positive integer, prove that the fraction

a3 + 2a

2a4 + 5a2 + 1

is in its lowest terms.

5. Let ABCD be a square of side 1. Let M be the midpoint of AB, N the midpoint of BC,
P the midpoint of CD and Q the midpoint of DA. Let AN and CM meet at X, and let
AP and CQ meet at Y . Find the length of XY .

6. Let ABCD be a square. Let M be the midpoint of AB and K the point on AD such that
∠KMC is a right angle. Prove that the sides of triangle KDC are in the ratio 3 : 4 : 5.

7. How many distinct ‘words’ (they don’t have to be in the dictionary!) can be made by
rearranging the letters of the word ‘semionova’? What if we insist that none of the
consonants can be in their original place?

8. Is it possible to list the non-negative integers as n1, n2, n3, . . . (with each non-negative
integer appearing precisely once in the list) in such a way that, for each i = 1, 2, 3, . . .,
we have ni+1 = ni + 2 or ni+1 = ni − 2 or ni+1 = ni × 2 or ni+1 = ni/2?

Deadline for receipt of solutions: 15 November 2010
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