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British Mathematical Olympiad
Round 1 : Friday, 2 December 2011
Time allowed 3 12 hours.
Instructions • Full written solutions – not just answers – are
required, with complete proofs of any assertions
you may make. Marks awarded will depend on the
clarity of your mathematical presentation. Work
in rough ﬁrst, and then write up your best attempt.
Do not hand in rough work.
• One complete solution will gain more credit than
several unﬁnished attempts. It is more important
to complete a small number of questions than to
try all the problems.
• Each question carries 10 marks. However, earlier
questions tend to be easier. In general you are
advised to concentrate on these problems ﬁrst.
• The use of rulers and compasses is allowed, but
calculators and protractors are forbidden.
• Start each question on a fresh sheet of paper. Write
on one side of the paper only. On each sheet of
working write the number of the question in the
top left hand corner and your name, initials and
school in the top right hand corner.
• Complete the cover sheet provided and attach it to
the front of your script, followed by your solutions
in question number order.
• Staple all the pages neatly together in the top left
hand corner.
• To accommodate candidates sitting in other timezones, please do not discuss the paper on the
internet until 8am GMT on Saturday 3 December.
Do not turn over until told to do so.
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2011/12 British Mathematical Olympiad
Round 1: Friday, 2 December 2011
1. Find all (positive or negative) integers n for which n2 + 20n + 11 is a
perfect square. Remember that you must justify that you have found
them all.
2. Consider the numbers 1, 2, . . . , n. Find, in terms of n, the largest
integer t such that these numbers can be arranged in a row so that all
consecutive terms diﬀer by at least t.
3. Consider a circle S. The point P lies outside S and a line is drawn
through P , cutting S at distinct points X and Y . Circles S1 and S2
are drawn through P which are tangent to S at X and Y respectively.
Prove that the diﬀerence of the radii of S1 and S2 is independent of
the positions of P , X and Y .
4. Initially there are m balls in one bag, and n in the other, where m, n >
0. Two diﬀerent operations are allowed:
a) Remove an equal number of balls from each bag;
b) Double the number of balls in one bag.
Is it always possible to empty both bags after a ﬁnite sequence of
operations?
Operation b) is now replaced with
b ) Triple the number of balls in one bag.
Is it now always possible to empty both bags after a ﬁnite sequence of
operations?
5. Prove that the product of four consecutive positive integers cannot be
equal to the product of two consecutive positive integers.
6. Let ABC be an acute-angled triangle. The feet of the altitudes from
A, B and C are D, E and F respectively. Prove that DE + DF ≤ BC
and determine the triangles for which equality holds.
The altitude from A is the line through A which is perpendicular to
BC. The foot of this altitude is the point D where it meets BC. The
other altitudes are similarly deﬁned.
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British Mathematical Olympiad
Round 1 : Friday, 30 November 2012
Time allowed 3 12 hours.
Instructions • Full written solutions – not just answers – are
required, with complete proofs of any assertions
you may make. Marks awarded will depend on the
clarity of your mathematical presentation. Work
in rough ﬁrst, and then write up your best attempt.
Do not hand in rough work.
• One complete solution will gain more credit than
several unﬁnished attempts. It is more important
to complete a small number of questions than to
try all the problems.
• Each question carries 10 marks. However, earlier
questions tend to be easier. In general you are
advised to concentrate on these problems ﬁrst.
• The use of rulers, set squares and compasses
is allowed, but calculators and protractors are
forbidden.
• Start each question on a fresh sheet of paper. Write
on one side of the paper only. On each sheet of
working write the number of the question in the
top left hand corner and your name, initials and
school in the top right hand corner.
• Complete the cover sheet provided and attach it to
the front of your script, followed by your solutions
in question number order.
• Staple all the pages neatly together in the top left
hand corner.
• To accommodate candidates sitting in other timezones, please do not discuss the paper on the
internet until 8am GMT on Saturday 1 December.
Do not turn over until told to do so.

5

United Kingdom Mathematics Trust

2012/13 British Mathematical Olympiad
Round 1: Friday, 30 November 2012
1. Isaac places some counters onto the squares of an 8 by 8 chessboard so
that there is at most one counter in each of the 64 squares. Determine,
with justiﬁcation, the maximum number that he can place without
having ﬁve or more counters in the same row, or in the same column,
or on either of the two long diagonals.
2. Two circles S and T touch at X. They have a common tangent which
meets S at A and T at B. The points A and B are diﬀerent. Let AP
be a diameter of S. Prove that B, X and P lie on a straight line.
3. Find all real numbers x, y and z which satisfy the simultaneous
equations x2 − 4y + 7 = 0, y 2 − 6z + 14 = 0 and z 2 − 2x − 7 = 0.
4. Find all positive integers n such that 12n − 119 and 75n − 539 are both
perfect squares.
5. A triangle has sides of length at most 2, 3 and 4 respectively.
Determine, with proof, the maximum possible area of the triangle.
6. Let ABC be a triangle. Let S be the circle through B tangent to CA
at A and let T be the circle through C tangent to AB at A. The
circles S and T intersect at A and D. Let E be the point where the
line AD meets the circle ABC. Prove that D is the midpoint of AE.
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British Mathematical Olympiad
Round 1 : Friday, 29 November 2013
Time allowed 3 12 hours.
Instructions • Full written solutions – not just answers – are
required, with complete proofs of any assertions
you may make. Marks awarded will depend on the
clarity of your mathematical presentation. Work
in rough ﬁrst, and then write up your best attempt.
Do not hand in rough work.
• One complete solution will gain more credit than
several unﬁnished attempts. It is more important
to complete a small number of questions than to
try all the problems.
• Each question carries 10 marks. However, earlier
questions tend to be easier. In general you are
advised to concentrate on these problems ﬁrst.
• The use of rulers, set squares and compasses
is allowed, but calculators and protractors are
forbidden.
• Start each question on a fresh sheet of paper. Write
on one side of the paper only. On each sheet of
working write the number of the question in the
top left hand corner and your name, initials and
school in the top right hand corner.
• Complete the cover sheet provided and attach it to
the front of your script, followed by your solutions
in question number order.
• Staple all the pages neatly together in the top left
hand corner.
• To accommodate candidates sitting in other time
zones, please do not discuss the paper on
the internet until 8am GMT on Saturday 30
November.
Do not turn over until told to do so.

United Kingdom Mathematics Trust

2013/14 British Mathematical Olympiad
Round 1: Friday, 29 November 2013
1. Calculate the value of
20124 + 4 × 20134
20144 + 4 × 20134
−
.
20132 + 40272
20132 + 40252
2. In the acute-angled triangle ABC, the foot of the perpendicular from
B to CA is E. Let l be the tangent to the circle ABC at B. The foot
of the perpendicular from C to l is F . Prove that EF is parallel to
AB.
3. A number written in base 10 is a string of 32013 digit 3s. No other
digit appears. Find the highest power of 3 which divides this number.
4. Isaac is planning a nine-day holiday. Every day he will go surﬁng,
or water skiing, or he will rest. On any given day he does just one of
these three things. He never does diﬀerent water-sports on consecutive
days. How many schedules are possible for the holiday?
5. Let ABC be an equilateral triangle, and P be a point inside this
triangle. Let D, E and F be the feet of the perpendiculars from P to
the sides BC, CA and AB respectively. Prove that
a) AF + BD + CE = AE + BF + CD and
b) [AP F ] + [BP D] + [CP E] = [AP E] + [BP F ] + [CP D].
The area of triangle XY Z is denoted [XY Z].
6. The angles A, B and C of a triangle are measured in degrees, and the
lengths of the opposite sides are a, b and c respectively. Prove that
60 ≤

aA + bB + cC
< 90.
a+b+c

United Kingdom Mathematics Trust

British Mathematical Olympiad
Round 1 : Friday, 28 November 2014
Time allowed 3 12 hours.
Instructions • Full written solutions – not just answers – are
required, with complete proofs of any assertions
you may make. Marks awarded will depend on the
clarity of your mathematical presentation. Work
in rough ﬁrst, and then write up your best attempt.
Do not hand in rough work.
• One complete solution will gain more credit than
several unﬁnished attempts. It is more important
to complete a small number of questions than to
try all the problems.
• Each question carries 10 marks. However, earlier
questions tend to be easier. In general you are
advised to concentrate on these problems ﬁrst.
• The use of rulers, set squares and compasses
is allowed, but calculators and protractors are
forbidden.
• Start each question on a fresh sheet of paper. Write
on one side of the paper only. On each sheet of
working write the number of the question in the
top left hand corner and your name, initials and
school in the top right hand corner.
• Complete the cover sheet provided and attach it to
the front of your script, followed by your solutions
in question number order.
• Staple all the pages neatly together in the top left
hand corner.
• To accommodate candidates sitting in other time
zones, please do not discuss the paper on
the internet until 8am GMT on Saturday 29
November.
Do not turn over until told to do so.

United Kingdom Mathematics Trust

2014/15 British Mathematical Olympiad
Round 1: Friday, 28 November 2014
1. Place the following numbers in increasing order of size, and justify
your reasoning:
4
3
4
3
4
33 , 34 , 34 , 43 and 43 .
c

c

Note that ab means a(b ) .
2. Positive integers p, a and b satisfy the equation p2 + a2 = b2 . Prove
that if p is a prime greater than 3, then a is a multiple of 12 and
2(p + a + 1) is a perfect square.
3. A hotel has ten rooms along each side of a corridor. An olympiad
team leader wishes to book seven rooms on the corridor so that no
two reserved rooms on the same side of the corridor are adjacent. In
how many ways can this be done?
4. Let x be a real number such that t = x + x−1 is an integer greater
than 2. Prove that tn = xn + x−n is an integer for all positive
integers n. Determine the values of n for which t divides tn .
5. Let ABCD be a cyclic quadrilateral. Let F be the midpoint of the arc
AB of its circumcircle which does not contain C or D. Let the lines
DF and AC meet at P and the lines CF and BD meet at Q. Prove
that the lines P Q and AB are parallel.
6. Determine all functions f (n) from the positive integers to the positive
integers which satisfy the following condition: whenever a, b and c are
positive integers such that 1/a + 1/b = 1/c, then
1/f (a) + 1/f (b) = 1/f (c).

Introduction to the problems and full solutions
The ‘ofﬁcial’ solutions are the result of many hours’ work by a large number
of people, and have been subjected to many drafts and revisions. The contestants’ solutions included here will also have been redrafted several times
by the contestants themselves, and also shortened and cleaned up somewhat
by the editors. As such, they do not resemble the ﬁrst jottings, failed ideas
and discarded pages of rough work with which any solution is started.
Before looking at the solutions, pupils (and teachers) are encouraged to
make a concerted effort to attack the problems themselves. Only by doing so
is it possible to develop a feel for the question, to understand where the difﬁculties lie and why one method of attack is successful while others may fail.
Problem solving is a skill that can only be learnt by practice; going straight
to the solutions is unlikely to be of any beneﬁt.
It is also important to bear in mind that solutions to Olympiad problems
are not marked for elegance. A solution that is completely valid will receive a
full score, no matter how long and tortuous it may be. However, elegance has
been an important factor inﬂuencing our selection of contestants’ answers.
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Solutions

2011
BMO Round 1
Problem 1 (Proposed by Dr Gerry Leversha.) Find all (positive or negative)
integers n for which n2 + 20n + 11 is a perfect square. Remember that you must
justify that you have found them all.
Solution (Raﬁ Dover, King David High School): Let n2 + 20n + 11 = a2
where a is a positive integer. Then
n2 + 20n + 11 = a2
(n + 10)2 − 100 + 11 = a2
(n + 10)2 = a2 + 89
(n + 10)2 − a2 = 89
So solutions correspond
to pairs of squares that differ by 89.
n
We claim that r=1 (2r −1) = n2 – the proof is by induction. When n = 1,
k
this is clearly true, and if we suppose that r=1 = k 2 then
k+1


(2r − 1) =

r=1

k


(2r − 1) + 2k + 1 = (k + 1)2

r=1

and so our claim is true for all n.
So for positive integers x and y,
2

2

x −y =

x


(2r − 1)

r=y+1

So whenever we have a solution to the original equation, we have a set of
consecutive positive odd integers that sum to 89. The sum of an even number
of odd integers is even, and as 89 is odd this means that there must be an odd
number of integers in the sum. But then there is a ‘middle’ integer in the list,
which divides the sum. But as 89 is prime, the only way we can make 89 as
a sum of consecutive odd integers is 89 itself.
So we must have a = 44 and hence (n + 10)2 = 452 . This gives us two
possibilities (corresponding to positive and negative square roots) for n: 35
and −55. We can check that these do both give us n2 + 20n + 11 = 442 .
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Problem 2 (Proposed by Dr Geoff Smith.) Consider the numbers 1, 2, . . . , n.
Find, in terms of n, the largest t such that these numbers can be arranged in a row
so that all consecutive terms differ by at least t.
Solution (Natalie Behague, Dartford Grammar School for Girls): First
consider the case when n is even, n = 2m. Then the sequence
m, 2m, m − 1, 2m − 1, . . . 1, m + 1
has every consecutive term differing by m or m + 1. So we can take t = m =
n
2 . We can’t have t > m because the sequence would have to contain m,
which is distance at most m from all the other terms.
Now consider the case where n is odd; n = 2m + 1. We can take the
sequence
2m + 1, m + 1, 1, m + 2, 2, m + 3, . . . , 2m, m
which has every term differeing by m or m + 1. So we can take t = m = n−1
2 .
We can’t have t > m because m + 1 differs by at most m from each other term
in the sequence.
The best value of t is therefore

n
if n is even
2
t = n−1
if n is odd.
2
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Problem 3 (Proposed by Dr Gerry Leversha.) Consider a circle S. The point
P lies outside of S and a line is drawn through P , cutting S at distinct points X
and Y . Circles S1 and S2 are drawn through P which are tangent to S at X and Y
respectively. Prove that the difference of the radii of S1 and S2 is independent of the
positions of P , X and Y .
The ﬁrst solution given below makes elegant use of the fact that if two
circles are tangent then there is an enlargement centered on the point of tangency taking one to the other. The second solution is similar at heart but
instead uses several similar right-angled triangles.
Solution 1 (Adam Goucher, Netherthorpe School): Assume, without loss
of generality, that P X < P Y . Denote by R, R1 and R2 the radii of S, S1 and
S2 respectively. S2 and S are then internally tangent at Y , so that there is an
enlargement about Y with positive scale factor RR2 sending S to S2 . Similarly,
there is an enlargement about X with negative scale factor − RR1 sending S
PY
to S1 . The ﬁrst enlargement maps XY to P Y , so that XY
= RR2 . The second
PX
enlargement maps XY to XP , so that XY
= RR1 . Subtracting these two
equations gives
PY − PX
R2 − R 1
=
= 1.
R
XY
Therefore |R2 − R1 | = R is independent of the positions of P , X and Y .

Solution 2 (B.T.G. de Jager, Eton College): Without loss of generality, assume that P X < P Y . Let O be the center of S, and let R, R1 and R2 be
16

as in the previous solution. Let Y O meet S again at D and S2 again at A,
and let B be diametrically opposite X on S1 . Then B, X and O are collinear
because S1 and S are tangent, and AY is a diameter of S2 because S2 and S
are tangent. Therefore, because the angle in a semicircle is 90◦ , we have that
∠DXY , ∠AP Y , and ∠XP B are all 90◦ .
Let ∠AY P = θ. Then, because OX = OY , triangle OXY is isosceles and
so ∠P XB = ∠Y XO = ∠OY X. From right-angled triangle AP Y , we ﬁnd
PY
that 2R2 = cos
θ . Similarly, from right-angled triangle BP X, we ﬁnd that
PX
2R1 = cos θ . Subtracting these we get
2(R2 − R1 ) =

XY
PY − PX
=
.
cos θ
cos θ

But from right-angled triangle DXY this is equal to DY = 2R. So |R2 −R1 | =
R, which is independent of the positions of P , X and Y .
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Problem 4 (Proposed by Dr Gerry Leversha.) Initially there are m balls in one
bag, and n in the other, where m, n > 0. Two different operations are allowed:
a) Remove an equal number of balls from each bag;
b) Double the number of balls in one bag.
Is it always possible to empty both bags after a ﬁnite sequence of operations?
Operation b) is now replaced by
b’) Triple the number of balls in one bag
Is it now always possible to empty both bags after a ﬁnite sequence of operations?
Solution (Andrew Carlotti, Sir Roger Manwood’s School): We claim in
the ﬁrst case that it is always possible. If m = n then we can just empty both
bags. Otherwise, we may as well assume m < n. We can double the number
of balls in the bag with m balls repeatedly (if necessary) until there are at
least n2 balls in that bag. There are now m and n (where n2 ≤ m < n) balls
in the two bags. We can then remove 2m − n from each bag, at which point
there are n − m and 2(n − m) balls in each bag. Then we double the number
of balls in the bag with fewer balls in it, and ﬁnally empty both bags.
With the modiﬁed operation, it is not always possible. Operations a) and
b’) both alter the total number of balls by an even number, and so if there
are an odd number of balls in total (say 2 balls in the ﬁrst bag, and 1 in the
second), we cannot empty them both.
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Problem 5 (Proposed by Robin Bhattacharyya) Prove that the product of four
consecutive positive integers cannot be equal to the product of two consecutive positive integers.
The main difﬁculty with this problem is ﬁnding a way to work with the
fact that we are looking for positive integer solutions, as any approach which
attempts to solve the below equations without this cannot work. Most solutions given were variants on one of the two similar solutions shown here,
where we ‘sandwich’ possible solutions between two consecutive integers.
Solution 1 (Katya Richards, The School of St Helen and St Katharine):
Let the four consecutive integers by b, b + 1, b + 2, b + 3. Then their product is
b(b + 3)(b + 1)(b + 2) = (b2 + 3b)(b2 + 3b + 2)
Let c = b2 + 3b. Then this product is equal to c(c + 2). If this product were
equal to the product of two consecutive integers, a and (a+1), then we would
have a(a + 1) = c(c + 2).
We clearly can’t have a = c or a = c + 1, since c(c + 1) < c(c + 2) <
(c + 1)(c + 2). We also can’t have c < a because then also (a + 1) < (c + 2) and
so a(a+1) < c(c+2). But we also can’t have a > (c+1) as then (a+1) > (c+2)
and so a(a + 1) > c(c + 2). So there are no solutions to a(a + 1) = c(c + 2),
and hence we can’t write the product of four consecutive positive integers as
the product of two consecutive positive integers.
Solution 2 (Oliver Feng, Eton College):

Suppose that

n(n + 1) = m(m + 1)(m + 2)(m + 3)
= (m + 1)(m + 2) · m(m + 3)
= (m2 + 3m + 2)(m2 + 3m)
= (m2 + 3m + 1)2 − 1
So setting M = m2 + 3m + 1 we have n(n + 1) = M 2 − 1. Then
M 2 = n(n + 1) + 1 = n2 + n + 1
However,
n2 < n2 + n + 1 < n2 + 2n + 1 = (n + 1)2
for n a positive integer. Then M 2 is a square number strictly between n2 and
(n + 1)2 , which is clearly impossible. So no such m and n exist.
19

Problem 6 (Proposed by Dr David Monk.) Let ABC be an acute-angled triangle. The feet of the altitudes from A, B and C are D, E and F respectively. Prove
that DE + EF ≤ BC and determine the triangles for which equality holds.
The altitude through A is the line through A which is perpendicular to
BC. The foot of this altitude is the point D where it meets BC. The other
altitudes are similarly deﬁned.
Most people who solved this problem used trigonometry to reduce the
problem to an algebraic inequality, which could then be solved with a variety
of methods – solution 1 is a nice example of this approach. It is also possible
to give a more ‘geometric’ proof of the inequality, as in solution 3. Solution 2
is an interesting hybrid of the two approaches.
An angle-chase common to all three solutions is this: because ∠AEB and
∠ADB are right angled, AEDB is cyclic with diameter AB. So ∠EDC =
180 − ∠BDE = ∠BAE = ∠BAC by the fact that opposite angles in a cyclic
quadrilateral add to 180◦ . Similarly, ∠F DC = ∠CAB.
In all solutions, let A, B and C be the angles of triangle ABC and let a, b
and c be the lengths of BC, CA and AB respectively.

Solution 1 (Yu Wan): First we will compute DE and DF . From rightangled triangles BEC and ADC we have that CE = a cos C. By the sine
a cos C
rule in triangle CED, DE = sin C sinCE
EDC = sin C sin A by the previous sentence and the angle chase in the introduction. By the sine rule in triangle
ABC, sina A = sinc C so that DE = c cos C. Similarly, DF = b cos B.
So we have DE + DF = c cos C + b cos B, while BC = BD + DC =
c cos B + b cos C. Therefore
DE + DF − BC

=
=

c cos C + b cos B − c cos B − b cos C
(c − b)(cos C − cos B).
20

If c > b, then C > B, so cos C < cos B and therefore DE + DF < BC. If c = b
then DE + DF = BC. If c < b, then C < B, so cos C > cos B and therefore
DE + DF < BC.
We have shown that DE + DF ≤ BC with equality if, and only if, b = c.
Solution 2 (Joshua Lam, The Leys School): Let X and Y be the feet of the
perpendiculars from F and E to BC, respectively. As in the introduction, we
DY
DX
have ∠F DX = A and ∠EDY = A. So DF = cos
A and DE = cos A , so that
XY
= cos
DF + DE = DX+DY
cos A
A . So it sufﬁces to show that XY ≤ a cos A.

But XY is the orthogonal projection of F E onto the side BC, so that
F E ≥ XY (essentially, because the side opposite the right angle is the longest
side of a right-angled triangle). Equality holds whenever F E is parallel to
XY . We will show that F E = a cos A, which gives XY ≤ a cos A.
This calculation is exactly the same as the calculation of DE in the previous solution, and the result is that F E = a cos A as required.
Equality holds if and only if F E is parallel to XY . This happens if and
only if ∠AF E = ∠ABC. But the cyclic quadrilateral BF EC gives that
∠AF E = ∠ACB. So equality occurs if, and only if, ∠ABC = ∠ACB i.e.
that AB = AC.
Solution 3 (by the markers): As before, we have that ∠EDC = ∠F DB =
A. This means that if we reﬂect F in the line BC to get F  , then ∠F  DB =
∠EDC, so that F  DE is a straight line. But because ∠BF  C = ∠BEC = 90◦ ,
F  BEC is cyclic with diameter BC. The diameter is the greatest distance
between two points on the circumference of a circle, so that BC ≥ F  E =
F  D + DE = DF + DE, as required.

21

Equality holds if, and only if, EF  is a diameter of F  BEC, which in turn
happens if, and only if, ∠F  CE = 90◦ . But ∠F  CE = ∠F  CB + ∠ECB =
∠F CB + ∠ECB = 90 − B + C. So equality occurs if, and only if, B = C i.e.
AB = AC.

22

Solutions
2012

BMO Round 1

Problem 1 (Proposed by Dr Jeremy King.) Isaac places some counters into the
squares of an 8 × 8 chessboard so that there is at most one counter in each of the
64 squares. Determine, with justiﬁcation, the maximum number that he can place
without having ﬁve or more counters in the same row, or in the same column, or in
either of the two long diagonals.
The key to this problem is to realise that, if we focus only on the constraint
that there can be only four counters in each row, the maximum number of
counters we can put on the board is 32. (Of course, we could also do the
same by considering only the columns). This can be attained in a variety of
ways.
Solution by Abigail Hayes, Stretford Grammar School: We know that
there must be fewer than 5 counters in each row, column and long diagonal, so the maximum in each is 4 counters.
If we had more than 32 counters, then there would be at least 5 in one
row, which cannot happen. Hence, there can be at most 32 counters.
Here is an example which attains this bound:

Ɣ Ɣ
Ɣ Ɣ
Ɣ
Ɣ
Ɣ
Ɣ

Ɣ Ɣ
Ɣ Ɣ

Ɣ
Ɣ
Ɣ
Ɣ

Ɣ
Ɣ
Ɣ
Ɣ
Ɣ Ɣ
Ɣ Ɣ

Ɣ
Ɣ
Ɣ
Ɣ
Ɣ Ɣ
Ɣ Ɣ
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Problem 2 (Proposed by Richard Freeland.) Two circles S and T touch at X.
They have a common tangent which meets S at A and T at B. The points A and B
are different. Let AP be a diameter of S. Prove that B, X and P lie on a straight
line.
There are a few different ways to approach this problem, mostly using the
alternate segment theorem and other standard circle facts. Whilst a good diagram is always helpful, it is important not to accidentally assume that P XB
is a straight line as part of the proof, just because it looks that way in the
diagram!
Solution 1 by Harry Metrebian, Winchester College: Let the centres of
circles S and T be O1 and O2 respectively; let the other end of the diameter
of T through B be Q and let the common tangent to both circles at X pass
through a point L on the same side of X as the line AB and a point M on the
other side of X.
We know that O1 XO2 is a straight line as the lines O1 X and O2 X are both
perpendicular to the tangent at X.

Since tangents and radii meet at right angles,
∠P AB = ∠ABQ = 90◦ .
Therefore the lines AP and BQ are parallel. So, by alternate angles,
∠P O1 X = ∠BO2 X.
Since the angle subtended by a chord at the centre of a circle is twice that
subtended by the same chord at the circumference,
∠P AX =

1
1
∠P O1 X = ∠BO2 X = ∠BQX.
2
2
15

By the alternate segment theorem,
∠P XM = ∠P AX = ∠BQX = ∠BXL.
Since LXM is a straight line, BXP is also a straight line by the converse of
the vertically opposite angles theorem.
Solution 2 by Aatreyee Mimi Das, Heckmondwike Grammar School: Let
the other end of the diameter of T through B be Q. Let the tangent to circles
S and T at X meet AB at V , and let M be a point on XV the other side of X
from V .
Note that ∠P XA = 90◦ because AP is a diameter. Similarly ∠BXQ =
90◦ . Let ∠AP X = y. Then by the alternate segment theorem, ∠BAX = y.
Also let ∠XQB = z; then ∠XBA = z also by the alternate segment theorem.

Using the alternate segment theorem again, it must be the case that ∠AXV =
y and ∠V XB = z. Then ∠AXB = y + z. But then the sum of the angles in
triangle BAX is
∠XBA + ∠BAX + ∠AXB
= z + y + (y + z)
= 2(y + z).
Since this must be 180◦ , it follows that ∠AXB = y + z = 90◦ . Therefore
∠P XB = ∠P XA + ∠AXB = 90◦ + 90◦ = 180◦ ,
and so P XB is a straight line.
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Problem 3 (Proposed by Dr David Monk.) Find all real numbers x, y and z
which satisfy the simultaneous equations x2 − 4y + 7 = 0, y 2 − 6z + 14 = 0 and
z 2 − 2x − 7 = 0.
It might not seem obvious where to start with this curious looking set of
simultaneous equations, but there turns out to be a useful trick that leads to
the solution. Most successful solutions used the method below.
Solution by the markers:

Sum all three equations, to yield

x2 − 4y + 7 + y 2 − 6z + 14 + z 2 − 2x − 7 = 0.
This can be rearranged to form
(x − 1)2 + (y − 2)2 + (z − 3)2 = 0.
Since all squares are nonnegative, this can only happen if all three terms are
equal to 0. Therefore, if there is any solution, it must be that x = 1, y = 2 and
z = 3.
We must check against the original equations to see if this is indeed a
solution, and it turns out that x = 1, y = 2, z = 3 does satisfy them. Therefore
this is the unique solution.
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Problem 4 (Proposed by Richard Freeland.) Find all positive integers n such
that 12n − 119 and 75n − 539 are both perfect squares.
The key in this question is to somehow reduce the problem to a ﬁnite set
of cases which we can then check each of. A typical way of doing this is to
ﬁnd some factorisation of an integer, as the solution below does.
Solution by Alex Harris, Perse School: Firstly, let a2 = 12n − 119 and
b2 = 75n − 539.
a2 + 119
, from the deﬁnition of a. So we can use the deﬁniWe have n =
12
tion of b to derive
75(a2 + 119)
− 539 = b2 ,
12
2
25(a + 119) − 4 × 539 = 4b2 ,
and hence
25a2 − 4b2 = −819.
This can be factorised to give
(2b − 5a)(2b + 5a) = 819.
So we know that the integers 2b−5a and 2b+5a multiply together to give 819,
so, since we can assume that a and b are nonnegative, we have a limited set
of possibilities for (2b − 5a, 2b + 5a): (1, 819), (3, 273), (7, 117), (9, 91), (13, 63)
and (21, 39).
Only the second, third and ﬁfth give integer values for a, so (a, b) can be
(27, 69), (11, 31) or (5, 19).
We can substitute into the formula for n above to determine its possible
values. The ﬁrst does not give an integer, so we are left with n = 20 or n = 12.
We can easily check that both these values of n work.
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Problem 5 (Proposed by Dr Jeremy King.) A triangle has sides of length at
most 2, 3 and 4 respectively. Determine, with proof, the maximum possible area of
the triangle.
Whilst there are some very neat, short solutions to this problem, it is important to carefully justify why the given triangle is maximal.
Solution 1 by Gavin O’Connell, Bristol Grammar School: Let θ be the
largest angle of the triangle. Thus, θ is the angle between the two shorter
sides, of lengths a and b.
The area of the triangle is given by A = 12 ab sin θ, where a ≤ b are the
shorter sides. But we have
a ≤ 2,
b ≤ 3,
and
sin θ ≤ 1.
Hence A ≤ 3, with equality when the√
triangle is right angled with legs 2
and 3. This gives a hypotenuse of length 13 < 4, which is valid.
Thus, the maximum area is 3.
Solution 2 by Warren Li, Fulford School: If the sides of the triangle are of
lengths a, b and c, and the circumradius is R, then it is well known that the
area of the triangle is A = abc
4R .
Let a ≤ b ≤ c, without loss of generality. We have c ≤ 2R, a ≤ 2 and
b ≤ 3, so A ≤ ab
2 ≤ 3.
The same example from before works.
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Problem 6 (Proposed by Dr Gerry Leversha.) Let ABC be a triangle. Let S be
the circle through B tangent to CA at A and let T be the circle through C tangent
to AB at A. The circles S and T intersect at A and D. Let E be the point where the
line AD meets the circle ABC. Prove that D is the midpoint of AE.
There are a wide variety of ways to approach this problem. Some students used a similar triangles argument along the lines of the ﬁrst solution
below; some other methods involved considering the centres of circles S and
T , as in the second solution. Another method is to observe that the circumcentre of ABC lies on the circle through B, D, C, and extend the line ADE to
meet this circle again.
Solution 1 by Oliver Feng, Eton College:

Let ∠ABD = α and ∠DCA = β.

Then ∠CAD = ∠ABD = α and ∠DAB = ∠DCA = β, by the alternate
segment theorem. So ABD is similar to CAD.
Also, ∠CBE = ∠CAE = α and ∠ECB = ∠EAB = β by the theorem of
angles in the same segment. Similarly ∠BED = ∠BEA = ∠BCA. Further,
∠DBE = ∠CBE + ∠DBC = ∠ABD + ∠DBC = ∠ABC. So DBE and
ABC are similar.

20

AB
AC
Therefore, BD
= AD
and so AD =
AC×BD
DE = AB = AD.
So D is the midpoint of AE.

AC×BD
.
AB

Also,

DB
DE

=

AB
AC ,

and so

Solution 2 by Ian Fan, Dr Challoner’s Grammar School Denote the centres of circles S and T respectively by OS and OT , and let ∠DAB = θ,
∠CAE = φ.

We can see that
∠OT OS O = 90◦ − ∠BXOS = ∠DAB = θ
and
∠OOT OS = 90◦ − ∠OT Y C = ∠CAE = φ.
Then
∠OT OS D = 90◦ − ∠OS DA = 90◦ − ∠DAOS = φ
since the line AC is tangent to circle S. Similarly, ∠DOT OS = θ. Combining
this with what we deduced above,
∠OT OS O = ∠DOT OS
21

and
∠OOT OS = ∠OT OS D.
Therefore the two triangles OT OS D and OS OT O share the side OS OT
and the two angles at OS and OT (but the other way round). So one is a
reﬂection of the other. Consider this reﬂection. It maps OS to OT and vice
versa, so it must be a reﬂection in a line perpendicular to OS OT . Since D
maps to O (and vice versa), this line must also be perpendicular to the line
DO. So DO is parallel to OS OT .
Since OS OT is perpendicular to the line ADE, it must also be the case
that DO is perpendicular to ADE. As AOE is isosceles with AO = EO,
this implies that D is the midpoint of AE.
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