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Q1. The only number which can be written next to 16 is 9 (since 25 = 5
2
), so 16 must go at one of the ends. 

So this perhaps needs the imspiration to consider the number 16 first.  Why do this?  Answer: because squares 

get further apart as they increase, so considering the possibilities for the largest number is likely to be a 

sensible start.  Hopefully you can give some hint along these lines. 

Having established that the sequence must start 16, 9, ...   (or finish ..., 9, 16), we then consider what could 

follow the 9.  The only other number we can add to 9 to give a square is 7 (since 16 = 4
2
).  Now the only 

possible chjoice for the next number is 2, etc.  Continuing like this we obtain the following solution: 

16, 9, 7, 2, 14, 11, 5, 4, 12, 13, 3, 6, 10, 15, 1, 8.              P 

        

Q2. Firstly, they should obviously start by drawing                    

a reasonably large clear diagram. 

They should perhaps be encouraged to  

look for a suitable construction.  One way is        B        M            C 

to join MN where N is the midpoint of AD. 

The construction which seems more natural 

to me is to extend AM to join DC at P.                  

Noting that  CMPBAMDAM              

and  MCPABM  , we see that                               

Δs ABM and MCP are both isosceles and            A        D 

congruent.  So AB = BM = MC = CP = CD. 

Hence C is the centre of a circle diameter DP, and therefore  90DMP . 

Since AMP is a straight line, it follows that AMD is a right-angle.  

[Comment:  It is probably easy to GUESS the answer from a reasonably good diagram, so make sure that they 

prove it.  Comment 2:  The same argument really works with drawing MN as suggested first.  This is probably a 

good question NOT to specify the construction but to suggest they try one.] 

 

 

Q3. This is a nice easy Number Theory question accessible to all, I hope.  Maybe a good start is to try some 

small values for p.  p = 2 gives 2p – 1 = 3  and 2p + 1 = 5, so this will work. 

p = 3 gives 5 and 7 which also work.   

p = 5 gives 9 and 11 which do not work. 

p = 7 gives 13 and 15 which do not work. 

Now the key thought is that if p is not a multiple of 3, then either 2p – 1 is or 2p + 1 is a multiple of 3, so the 

only values of p which could possibly work are ones for which either p or 2p – 1 or 2p + 1 are exactly 3, since 

this is the only prime multiple of 3!  Hence the only possible values of p are 2 and 3. 

 

 

Q4. Another elementary Number Theory question - just a bit harder, but using the techniques that have 

cropped up in previous sheets.  We want to get down to a crierion where n + 1 has to divide a fixed integer, 

rather than n2
 + 1, which is variable.   

If we note that n2
 + 1 = (n – 1)(n + 1) + 2,  n + 1 will only divide n

2
 + 1  if it divides into 2. 

The only factors of 2 are 1, –1, 2 and –2 so n + 1 can only be one of these, giving possible values for 

n of  0, –2, 1, –3.  They should now check that these four values all work, or else note make it clear 

that the argument about divisibility works both ways, i.e. that n + 1 divides n
2
 + 1  if and only if it 

divides into 2. 

 
 

 

 



Q5. Mentees should be encouraged to play around with the given double equation first, or alternatively to 

observe that it can be simplified since it amounts to 111 
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.  This leads to       
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Subtracting these equations gives a2
 – b2

 = bc – ac  and hence  (a – b)(a + b)  =  c(b – a). 

So either   a = b  or  c = –(a + b). 

Case 1:  If a = b,  substituting back gives 
a

ca

c

a 


2
, so 2a2

 = ac + c2
  and hence (2a + c)(a – c) = 0, so 

either a = b = c  (in which case the required expression has the value 8),  or a = b = –½c  (in which case the 

expression has the value –1). 

Case 2:   If c = –(a + b), then a + b = –c, and b + c = –a  and  c + a = –b, so the required expression is 

abc

bac 
  which gives –1  [Note:  the second part of Case 1 is just a special case of this.] 

So there are two possible values of the given expression, namely 8 or –1. 

 

Q6. If the decimal expansion of  
n

m
 starts 0.167..., we can say that   168.0167.0 

n

m
, so that  

167n  ≤  1000m  <  168n.  Multiplying by 6 gives  1002n  ≤  6000m  <  1008n,  

The right hand inequality gives  6000m – 1000n  <  8n, which we know is less than 800 since n < 100. 

The left hand inequality gives  6000m – 1000n  ≥ 2n which is greater than 0. 

But since 6000m – 1000n  is a multiple of 1000, we must have  6000m – 1000n  ≥  1000. 

We therefore have a contradiction, so m/n cannot start with 0.167... . 

 

Q7. Suggest they start by considering smaller grids, e.g. 2 × 6,  2 × 8,  2 × 10.   They need to appreciate that 

the 2 × 6  and 2 × 10 cases are similar to the one given.        Harry can have a winning strategy as follows: 

He divides the grid into 502  2 × 4 grids  and one  2 × 2 grid.  Then he puts his first domino in the 2 × 2 grid 

(no matter in which row).  Hermione is forced to put her domino in a 2 × 4 grid.  Now Harry puts his next 

domino in the same 2 × 4 grid.  Each time Hermione is forced to place her domino in a new 2 × 4 grid, after 

which Harry puts his domino in the same grid.  After filling the 502 grids, Hermione has nowhere to put her 

next domino, so she loses the game and forfeits her right to the Deathly Hallows! 

 

Q8. Maybe the simplest hint is to encourage your mentees to start with a smaller set, say .,,
3
1

2
1

1
1   Or even 

.,
2
1

1
1   In this second case you end up with 1 + 1/2 + 1/2 = 2.  In the first case you end up with 3.  It would be 

instructive to verify that the order in which you take the pairs is irrelevant. 

Now we are really going to use an inductive argument, but for mentees in this scheme one would not expect a 

formal argument, but an informal one will be fine.  So as soon as they realise that with n terms you end up with 

a final value of n (irrespective of the order in which the terms are taken), they can test what would happen 

when they add an extra term.  This will give
11

1







n

n

n
n which gives 

1

1






n

n
n ,   i.e.  n + 1.  This proves 

that the result will be true for all values of n.  So the final number on the board is 2010.   

[This will give a good springboard for introducing a formal induction proof, which I will do in the solutions.] 

 

I hope these comments are helpful and that your mentees enjoy doing the sheet.  If you do have any comments 

either on the problems or the hints or the solutions which help me to target subsequent ones, a brief email 

would be great.  Feedback to mentoring@ukmt.org is of course also very welcome. 
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